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Abstract. Magnetic and superconducting pairing correlation functions in a general class of
Hubbard models, the-J model and a single-band Hubbard model with additional bond—charge
interaction are investigated. Some rigorous upper bounds of the corresponding correlation
functions are obtained. It is found that the decay of the spin—spin correlation function with
temperature in the general Hubbard models cannot be slower than the inverse square law at
low temperatures and the inverse law at high temperatures, while the on-site pairing correlation
function cannot be slower than the inverse law. An upper bound for the average energy of the
t—J model is found. The upper bounds for the spin—spin and the electron pairing correlation
functions in ther—J model as well as in the Hubbard model with bond—charge interaction are
also obtained. These bounds are expected to provide certain standards for approximate methods.
In some special cases, these bounds rule out the possibility of corresponding magnetic and
pairing long-range order.

1. Introduction

The study of superconductivity and magnetism in strongly correlated electron systems
has been receiving intense interest recently. This may be attributed to the discovery of
high-temperature superconductivity. Since the idea of explaining superconductivity in the
framework of strongly correlated electron systems (the Hubbard model and its variants) was
proposed [1], numerous investigations of these systems have been made. For the many-body
problems, which are difficult to solve, only a few rigorous results are known in the literature
[2]. Most researchers used approximate or numerical methods to investigate spin and pairing
correlation functions, and usually achieved different—sometimes even conflicting—results.
In addition, some difficulties in the numerical methods remain unsolved. Therefore, the
answers to a variety of interesting questions regarding these systems remain ambiguous to
date. In this situation, it is really necessary to search for some exact results which, on the
one hand, can be used to examine the validity of some kinds of approximation or numerical
calculation, and on the other hand, can help us to further understand the physical properties
of these systems.

In this paper, we will study magnetic and pairing correlation functions in the following
systems: a general class of Hubbard models,sthe model and a single-band Hubbard
model with additional bond—charge interaction. By using Bogoliubov’'s inequality, we give
some upper bounds for the correlation functions studied, which, to some extent, may provide
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certain checks and standards for approximate methods. In some special cases, these bounds
rule out the possibility of the corresponding magnetic long-range order (LRO) and the
on-site pairing LRO.

The rest of the paper is organized as follows. In secflaa general class of Hubbard
models are studied. Symmetries of correlation functions are discussed. The upper bounds for
the magnetic correlation function and the on-site pairing correlation function are presented.
In sections 3 and 4, the magnetic and pairing correlation functions im-thenodel and
a single-band Hubbard model with bond—charge interaction are discussed. A simple upper
bound for the average energy of the/ model is obtained. The upper bounds for the
spin—spin correlation functions and the pairing correlation functions in the two models are
given. In sectia 5 a summary of the results is presented.

2. Hubbard models

Consider a general class of Hubbard models daddmensional lattice with\/ (even) sites.
The Hamiltonian is
H =Yt (alay +blby) + Y _ Ualablb, — Y p,(ala, +bib,) (2.1)

wheret,,. is the hopping matrix element, and satisfié; = t»,. a, (b,) annihilates a
spin-up (spin-down) electron at site U, is the local spin-independent Coulomb potential,
and u, is the position-dependent chemical potential. No othriori assumption (apart
from those indicated explicitly in the context) is needed. This is thus a very general form
of the Hubbard model.

Define the local spin operators as follow§" = alb,, S = bla,, St = %(n‘; —nb)
with n¢ = ala, andn? = blb,, and [S}, S7] = 28%5,,., [S*, §5] = F5%5,,.. The global
spin operatorss* = Y S* and $* = )", S¢ obey the usual SU(2) symmetry and satis-
fy [S*, H] = [$°, H] = [S% H] = 0, where $2 = 1(S*S~ + $7§*) + (572 has the
eigenvalueS(S + 1). The particle numbeN =) (afa, + b'b,) = N; + N is conserved,
and commutes with the Hamiltonian. Define th@perators as followsy = alb), n, =
bra,,n* = %(n,—l) with n, = n¢+n, and ", n-1 = 2035,,, [n*, n°] = Fnrs,, . Below
we will investigate the spin and the on-site pairing correlation functions of the model, and
these definitions are necessary for subsequent analyses.

2.1. Symmetries of correlation functions

First let us for convenience write down three well-known unitary operators explicitly [3],
which are frequently cited in the literature, and were usually applied for studying the
transformed systems connected by them, but whose explicit forms are not obvious. The
operator

Uo = [ [br — e(rb))

with €(r) = (=1 anduguo = 1 describes the well-known particle—hole transformation
[4]: uoa,ug =a,, L{ob,ug = e(r)bi, which makedJ, — —U, in the Hamiltonian (2.1) with
wr = U, /21ft.,, = —t for nearest neighbours and zero otherwise, like in the standard single-
band Hubbard model. Here-1)" can be understood as a facté®& with Q = (=, 7, ...)
in two or three dimensions. The operator

th =[] —ahb, — b))

r
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with u{ul = 1 describes another symmetric particle—hole transformati&z![url/{{ =
aI,Z/llb,Z/llT = bi which makesS;” — —-S-, 8¢ - —S%, nf — —n- andt.,, — —tp,

in (2.1) with additional constants and proper adjustment of the chemical potential. The
operator

Uy = exp[i’zt Y (al —bha - b,)}

with uguz = 1 exchanges the spins (up—down symmetr&)ga u2 = b}, which leaves
the Hamiltonian (2.1) unchanged, but makgs — S— and ¢ — —S%. Of course, these
unitary operators can be used either individually or in a combined way.

We now give some relations for thermal correlation functions. It is noteworthy that
some of them are trivial, but some are less obvious and thus worth writing down. As the

expectation value of the commutatoty [ H] = . (t,,,raia,/ - t,r,,aj/a,), vanishes, we get
Z Ly <ajar’) = Z I r (aI'ar> (2.2)
= ~

where (- - -} denotes the thermal average. Using the up—down symmetry, connectéd by

we have
Z Irp <brTbr’) = Z Ly (a:'ar)- (2.3)

Note that (2.2) and (2.3) are general, not limited to the translation-invariant case, for we
have not made use of any spatial symmetry of the lattice. The expectation value of the
commutator §1 53, 7] = 25557 — SIS yields

(S+ o) = 2(S5S7) (2.4
due to S~ commuting withH. This symmetry is essential, for it is local, and is valid for
anyr andr’. Similarly, we can obtain a lot of such symmetries, for instance,

(555 =0 ($H)=(5H=0  (Sin,)=0
(S¥S,) =2(niS7) = —2(m)S7)  (niS]) = (nyS})
(S187) = 2(S38,0S,) = 2(8;F 87 8%) (2.5)
(nén)) = (nin) (arb,) = (blal) =0
(sH>"*hH =0
withm = 1,2,3,..., etc. It can be seen that some of the above relations are obvious for

the translation-invariant case, but less obvious for the system without translation invariance,

and that these are probably useful for numerical calculations, and meanwhile give some

restrictions on approximate methods. Moreover, one may apply the unitary transformations,

as mentioned above, to equations (2.5), and can obtain the corresponding symmetries of
correlation functions for the transformed systems. We will apply them below.

2.2. Magnetic correlation

Let us study the transverse spin correlation functifiS) for » # r/, which is related
to the longitudinal correlation function through (2.4), by means of Bogoliubov’s inequality

[5]:

K[A, BD)I> < = ({A, AT)([ B, H], B]) (2.6)

N ™
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with 8 = T~ (kg = 1) the inverse temperature. Note that the relation between the spin
correlation function and magnetic LRO was thoroughly established thirty years ago [6].
Since

1 4
[[Srza H]’ Sf] =7 Z (tr’,ra;rfar + tr,r’a:ar/ + tr’,rb,lubr + tr.r’bIbr’)
4
r'(#r)
we have

([S?, H], S — > trlalay) > (2.7)
r(r)
where the non-negativity of (2.7) comes from the fact that the inner praducB*) > 0
[5, 7]. By the Schwartz inequalitif ATB)| < /(ATA)(BTB) we observe that

{SFS-,8ts 1 <8 (r' #r). (2.8)

To obtain inequality (2.8) one has to substitute the definitions of spin operators into the left-
hand side of (2.8), and then apply the Schwartz inequality to electron operators repeatedly
by noting that|(a'a,)| < 1 and|(b‘ b,)| < 1. Therefore, settingt = S*S~ (r # ) and

B = S in (2.6) and noticing (2.7) and (2.8), we get a bound

(STSTIP < =48 > trrlalay) (2.9)
7 (r)
for ' # r. One may note that the index in the right-hand side (RHS) of (2.9) has
been eliminated due to using the Schwartz inequality in (2.8). The same situation occurs
in the following. Obviously, as, (' # r) — 0, then|(SS")| = 0, which implies that
there is no spin—spin correlation in the atomic limit, i.e., no magnetic (ferromagnetic and
antiferromagnetic) LRO occurs in this case. One may notice that the RHS of inequality (2.9)
depends only on the off-diagonal correlation functi(ax&a,/) and hopping matrix element
t,.», independent of the local Coulomb potentigl.
We define the operators

of =i M, o =Pl 2l (2.10)

Then (air,ot,,,r) > 0 gives
1 3 ,

3 totalary =S > It l(abar) + (afa,) - 2). (2.11)

f 2

r(#r) ! (#r)
Substituting (2. 11) into (2 9) we have

(STSP<2B Y ltr,(2— (alay) — (ala)). (2.12)

r(#r)

If the system has translation invariance, then from (2.12) we verify rigorously the trivial
fact that|(S’S)| = O for ' # r at full filling. Although the bound (2.9) is lower than
(2.12), sometimes the latter is also expected to be useful.

Since the RHS of (2. 9) is intimately related (tm,a,) we now discuss it. For’' # r,
we have {z,a, ,a,a,] = —ala,. By settingA = ala, and B = ala, in (2.6) one obtains

|(ajar’)|2 X T i’lr - l/lr/) Z tr,r’ arar’ X _213 Z tr,r’ arar’
r(#r) r(#r)

for v’ # r. This is a recursion inequality. It turns out to be

(afay)| <28 ) ltnrl. (2.13)
r'(#r)
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Moreover, we are also able to obtain a bound

l{ala,)] < V/(ng) — (nfnd)(L — (nd)) (2.14)

for r £ r'. The two bounds combined with (2.9) may help us to understand more about the
spin correlation function.

Let us turn to a special case for the moment. Assumerthat —t with ¢t > 0 forr, r’
nearest neighbours, and= 0 otherwise, like in the standard single-band Hubbard model

but including the local Coulomb potentiél.. We introduce the Fourier transform of as
4 1 -
al = —— E ale
TVM > r

where the summation over runs over the dual lattice defined by the boundary conditions.
By summing over (# r’) on both sides of (2.9) and inserting the Fourier transform into it

we obtain
D USSP < 2P Zm,»épﬁ
r(#r’)

where |5| denotes the lattice spacing between nearest nelghbourm,,aﬂdapa,, + bj,b,,.

One may observe that when,) = 1 or constant, we hav|e§S,+ )| =0 forr # r’ because

Zp €r’ = 0. In other words, the single-band Hubbard model with a local Coulomb potential
does not exhibit magnetic LRO at finite temperatureé:gf = 1 or constant. This result is
independent of the sign @f, and for arbitrary dimensions. Although the conditian) = 1

or constant is very special, we rigorously rule out the possibility of magnetic LRO in this
case.

0.8
06
=
O]
04 f
b
02 p
. , [ Figure 1. The temperature dependence of the
0 5 bound (2.16), whereg=! is in units of 2,
0 10 15 20 and coordinate numbers are taken as4,@
1/8 respectively, as indicated. The numerical data are

taken from [8].

If we do not bound({S’'S;, S+S~}) by the Schwartz inequality in (2.8), we have an
expression

1
< (S8 87S) (2.15)

where we have used (2.5) afgif, A}) > 0. Then from (2.6) we get
(STST) < BOG) +V Q)22+ BP(r. 1) Q(r)

(S8,
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with Q(r) = — Zr,(#) by (ajarr) and P(r,r") = |(SjS;SjS;>| < 1 forr #r'. By noting
(2.13) we can obtain an upper bound for the spin—spin correlation function:

(SES7)| < G(B) = 2B7R(r) + VAB*R(r)? + 2B2R(r) (2.16)
with R(r) = (Zr,(#) |t,.~)?. To define the bound unambiguously, we assume fhat= ¢
for r, r’ nearest neighbours and 0 otherwise. We plo8) versus temperatugg?, as shown
in figure 1, wheres~! is in units of 2, and the coordinate numbers are taken a4 B,
respectively. Since(S}S-)| < 1, we only plot the interesting part. From figure 1 one
may see that the bound decreases rapidly with increasing temperature. Avhen 20,
the bound decreases slowly, eventually to zero, as temperature increases. Evidently, the
decay of the spin—spin correlation function with temperature cannot be slower than the
inverse square law at low temperatures and the inverse law at high temperatures. Although
the bound as well as the bound (2.12) cannot tell us in general whether the system can
exhibit magnetic LRO or not, it may shed useful light on the validity of some kinds of
approximation and numerical result, especially regarding the temperature dependence of
spin—spin correlation functions. We note that the spin—spin correlation function of the
single-band Hubbard model was studied numerically for small sizes 4% of a square
lattice at half-filling at low temperatures [8]. The calculated results are found to be smaller
than the present bound, as indicated in figure 1. The reason for this discrepancy may be
that in spite of the finite-size effects in numerical calculations, the present bound is suitable
for macroscopic sizes of lattices and is better for high temperatures.

2.3. Pairing correlation

To investigate the on-site superconducting correlation, we need to calculate the on-site
pairing correlator(nn_) = (aibjbrra,r) in the off-diagonal long-range (ODLR) limit [9]

|r —r'| = oo, namely, for off-diagonal long-range order (ODLRO) [10]. As before, we
use Bogoliubov’s inequality. Choosing = n;"n, and B = n? in (2.6), and noticing that

[nf 0., ni] = —nfn, forr # ', and

(lnf HL.oi) == Yt lalay) (2.17)
v (#r)
we have the bound
) P< =B Y totalar) (2.18)
v (#r)

where we have used the Schwartz inequality to obtain the bourid ., ' 7 }) < 2. One
may observe that if.,, — 0, then|(n/n.)| — 0. This suggests that no on-site pairing
correlation in the general Hubbard model exists in the atomic limit.

Since

> tala) = ala) — Ny = M(@ng) — N, (2.19)
r,r' (r#r') r,r’

with (n§) = <aga0> the number density with zero momentum of spin-up electrons, and
further assuming that. , = ¢ = constant, from (2.18) one obtains

— ZI () %((no) - p) (2.20)

with (ng) = (aoao + bobo) andp = > (n,)/M. We note that ift > 0 and(ng) > p or
t < 0 and(ng) < p, then|(alb1b,fa,/)| = 0 for r # ' from (2.20). In other words, the
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system cannot exhibit the on-site pairing condensation in the aforementioned circumstances.
From the derivation, one may note that the electron hopping terms play a key role in pairing
condensation phenomena in itinerant-electron systems. Besides, this one may observe that
the sign oft also has an effect on the final result, as shown above. Of course, this argument
can also apply to (2.9).

If we exchangeA and B in the derivation of (2.18), then we can gghn.)[?> <
B{((n*)?)([[B, H], B']). One may see that if

(nn?) < 3((n,) — 1) (2.21)

we havel|(nn.)| = 0. That is, under the condition of (2.21), the Hubbard model
cannot show the on-site pairing condensation at finite temperatures. Condition (2.21) is
not anomalous; e.g., the case of half-filling wittf'n®) = 0 obeys it.

If t,,, = —t for r, ' nearest neighbours and/or next-nearest neighbours and 0 otherwise,
then—similarly to in discussions of spin correlation functions—we also t(a\T/eib,/a,/M =
0 for r # r" at (n,) = 1. We notice that Veillewet al [11] have recently studied the
pair correlations of the Hubbard model with next-nearest-neighbour hopping by using the
guantum Monto Carlo method. The consequences that they derive are qualitatively in
agreement with the present rigorous result in the parameter region that they studied.

By substituting (2.13) into (2.18), we get a rigorous upper bound for the off-diagonal
element of the two-particle reduced density matrix:

(a/bibray)| <NV2B D |t (2.22)
r(#r)

which should also be valid in the limjt — | — oco. This bound suggests that the decay
of ODLRO with temperature is not slower than the inverse law. Although the bound is
too loose to compare with the numerical data on small clusters at low temperatures [8], it
gives a hint as regards the pairing correlation function in the thermodynamic limit. Since
(alblbya,) is related to the superconducting order paraméieb,) (quasi-average) by
the asymptotic property [12§/b!b,a,) — |(a.b,)|? in the ODLR limit, equation (2.22)
provides a standard for approximants in calculating the temperature dependence of the
pairing order parameter. Here we would like to point out that one may obtain bounds
similar to (2.22) for other pairings—for instance, the extended s wave and d wave [13].

3. The t—J model

This model has been extensively studied in recent years, but rigorous results are rare,
except that the one-dimensional (1D) supersymmetric modlel=(+2r) can be exactly
solved using the Bethansatz[14]. Many approximate or numerical results on magnetic
and pairing correlations in high dimensions in this model differ quite strongly [8]. We study
the following Hamiltonian:

- _ Tq, b, . /_} )
H_, = t(rZr;)(arar +bib) + J(Z)(S Sy = g (3.1)
on ad-dimensional lattice, where the notation is the same as in section2) are nearest
neighbours,J > 0 (we here considey, without loss of the generality, as an independent
parameter), and > 0. The different forms of the model have been discussed elsewhere
[15]. In this model, we assume that double occupancy of every site is excluded. In other
words, each lattice site is constrained to have either one electron (with spin up or down)
or none, as usual. It can be seen that the system has SU(2) spin symmetry. We may also
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obtain some symmetries of correlation functions as in section 2. In this section we will first
derive an upper bound for the average energy, then study the spin—spin correlation function,
and finally discuss the nearest-neighbour pairing correlation function.

3.1. The upper bound for the average energy
From (3.1) we find
(LS H—s]. ST =1 ala, +bfbe) — 20 Y (28:85 +5787)  (3.2)
Tl T

wherer;,, denotes the summation ori running over nearest neighbours af Equation
(3.2) then implies

b t i ,

Z(S,/ SIS 45 > (a)a, + biby) (3.3)
) ")

where we have used (2.4) and the non-negative property [5, 7] of (3.2). By noting (3.3)

and(S;S.) = (S}S") one gets

5 - J
(Hiog) < =gt D (np)€" = 2 > (o).
S,p (r,r’)

At temperaturel’, we have the average energy (internal enefgy= (H,_;). On the other
hand, the non-negativity of[a,b,, H,_,], bIaI]) yields

J J
_ E i i bl E _
t <arar' + brbr,) < 2 <nrnr’) ZNZ

(r,r’) (r,r’)

with z the coordinate number, and thus

J 5J
E <* rfty’ _7N .
0 15 2 )~ g

(rr’)

Furthermore, sincé(n, —n,.)?) > 0 and noting thatn“n’) = 0 due to the restriction of no
doubly occupied sites, one has.n, ) < %((n,) + (n,7)). Substituting these results infg,
we have

Eo < —3JzN. (3.4)

We would like to point out that the bound (3.4) is generic, not limited to the translation-
invariant system, and is valid for arbitrary filling fraction and arbitrary dimensions. If the
system has the singlet ground-state, tiignat 7 — O can be regarded as the ground-state
energy, and(- - -) thus means the average in the ground state. If the ground state of the
system is degenerat&y can also be understood as the ground-state energy for all ground
states. At half-filling, thee—J model reduces to the Heisenberg antiferromagnetic model.
In 1D the ground-state energy is well known to Bg/M = —J In2 [14], which clearly
satisfies (3.4):Eo/M = —0.693147J < —0.5J. Away from half-filling, the ground-state
energy of the supersymmetrieJ model also complies with the bound (3.4), as shown in
[14, 18]. In 2D, the numerical result for estimating the ground-state energy of one hole in
the interval 02 < J/¢ < 1.0 for small clusters (4 4) is Eo/M = —3.17t +2.83¢(J /1)*"3

[16]. However, the Hamiltonian from [14] does not contain the ter(y /4) Y- . ., n.n,.

If this term is taken into account, the numerical results of [14] would be in agreement with
the present bound. Since this bound is a rigorous result, it can be expected to provide
checks for approximate and numerical methods, especially in high dimensions.
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3.2. Magnetic correlation

The magnetic structure facter(p) is given by

1 i /
m(p) = - > @SS = (5557,) (3.5)

r,r’

whereS: = (1/v/M) >, Sierr. By symmetry,(S;S¢ ) = %(S;;S]j). From (3.3) we obtain

[’
t

;[m<p> - 8J<n,,>}yp <0 (36)
with y, = >, €75, Note thatm(p) > 0. Inequality (3.6) imposes a severe restriction
on m(p) in the r~—J model. If (n,) =1 orz = 0, we havezpm(p)yp < 0. Since the
existence of Mel order corresponds t0a(p) containing as-function atQ = (r, 7, ...) in
the infinite-volume limit [17], and lettingz? be the coefficient of this-function, we get
from (3.6) a bound

t

mye < g7 D _\mphvp = 3 m(p)yp. (3.7)
4 p#0

It has been shown that the 3D half-filledJ model, i.e., the Heisenberg antiferromagnetic

model, exhibits LRO [17]. Away from half-filling, equation (3.7) may shed some light on

the antiferromagnetic order of the-J model. For a square latticgp = —4. Then we

have

1
m? Z -~ 4 Z (P)Vp 32./ Z(np>yp~
p#0
If we obtain a bound forZ#Qm(p)yp, then we can say something about the
antiferromagnetic LRO in the model, which will be left for future study.
We chooseA = S S and B = S in (2.6). Then JA, B] = S S¢ for r # r’. Since
1({S, 8%, 82511 < 1 by the Schwartz inequality, from (2.6) and (3.2) we have

roXry

- B t f -

+ +

(SESII< | g (z > (ala, + blby) — 47 Z(S,., S7)
")

;
Ttr)

\sz< +2J\/Z'B<t+21 Zﬁ(t—#ZJf))). (3.8)

This inequality gives an upper bound for the spin—spin correlation function in-thenodel.
In particular, ag = 0, the model reduces to the Heisenberg antiferromagnetic model, and
(3.8) becomes

(S S < (JB/Dz. (3.9

That is, the temperature dependence of the spin—spin correlation function cannot be slower
than the inverse law in the Heisenberg antiferromagnetic model.

3.3. Pairing correlation

Now we come to discussing the pairing correlation function. Since there are no doubly
occupied sites in the system, the on-site pairing correlation should be vanishing. In the
following we consider the nearest-neighbour pairing order parametgr,,) with r1, r,
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being nearest-neighbour sites. For this purpose, we have to add a U(1) symmetry-breaking

termH' = —a )., . (anb, +bi2ai1) as well as the chemical potential terp ) °, n, into
the HamiltonianH,_,. Let B = a,,b,,, andA = aila,1 + bﬁzbrz. Then

[A’ B] = _Zarlbrz [[arlbrza Hl J]’ r V1 D(rla rZ)

with

D(ri,1r2) = t(Z ,111, + Z bT b,) ) - +20)A~ (n)) - (nfz))

T(rq)
+ 27 (nfnl) + 67z — (Zafbiﬁzbr )

and ({A, A'}) < 8. Substituting these results into (2.6) we obtain the bound
{ar,br)? < BD(ry. r2) (3.10)

asa — 0 in the thermodynamic limit, where we have used the Schwartz inequality to
bound those terms with four creation and annihilation operators. One may note that
(ar,b,,) In (3.10) is Bogoliubov's quasi-average [12]. On the other hand, according to
Bogoliubov’'s argument [12], the off-diagonal element of the two-particle reduced density
matrix (bi'éajiarlbrz) has the asymptotic behaviour

(bl,al.arby,) — (bl,al)arby,) (3.11)
in the ODLR limit [13] |(r5, ;) — (r2, r1)| — oo. It is worth mentioning that (3.11) is not
incompatible with Haag'’s spatial cluster theorem [19]. In the translation-invariant system,
the temperature dependence of ODLRO should thus obey

(biala,,b,,) < BD(r1,r2) (3.12)

i.e., the decay of the ODLRO for nearest-neighbour pairs with temperature in.theodel

with translation invariance cannot be slower than the inverse law. This bound thus offers a
check for some approximate results on the temperature dependence of the superconducting
order parameter.

4. The Hubbard model with bond—charge interaction

The Hamiltonian of the model is given by
H,_. = —IZ(a a, —|—th + HC) + UZa arb'b

(rr’)
+ X > [(alay +HO)(n? +nl) + (bby + HO)(nf + )]
(r,r’)

— i Z(ajar + bib,) (4.1)

where X is the bond—charge interaction, and the other notation is standard, as usual. This
model has been extensively discussed by Hirsch [20], Baial [21], de Boeret al [22]

and Schadschneider [23]. It has been shown [22] thatjtpairing state with ODLRO

is the ground state it/ < —2Z|t|, and can be solved exactly in one dimension [21-23],
ast = X andu = U/2. For certain values ok and large densities of electrons (small
doping) the bond—charge interaction may lead to an attractive effective interaction between
the holes within the framework of BCS mean-field theory [20]. In this section, we will give
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a few rigorous bounds for the spin—spin and the on-site pairing correlation functions of this
system.

As in the method exploited in preceding sections, it is not difficult to obtain the following
two bounds:

1/2
JESIES [8;8( D lapar) = X} laya, (] +n; )>>] (4.2)

’

Ty uh

1/2
la TbTb a)| < [2}3( Z(a .a,) XZ(ai,ar(nf +nf,))>j| (4.3)
r<,r)
for r # r’ by settingA = S*S. andn'n, with r # ' and B = S? and n? in (2.6),
respectively, where we have used the spin-flip symméeigy. (Evidently, if X satisfies the
following condition:

XZa a,(n +n) tZa .a,) (4.4)

et

then there is no spin—spin correlation or on-site pairing correlation. To ensure the existence
of magnetism and superconductivity in the systdmn., the condition opposite to inequality
(4.4) must hold, which gives a restriction on the values<of

For the special case where = X, the system possesses symmetric particle—hole
symmetry, connected by the unitary operalér, as discussed in [23], the-pairing
symmetry [22] at half-filling, and so forth. This model is very interesting, and the details
will be presented in a separate publication.

5. Summary

We have rigorously investigated magnetic and superconducting pairing correlation functions
in a general class of Hubbard models, th¢ model and a single-band Hubbard model
with additional bond—charge interaction by means of Bogoliubov’'s inequality. Some
corresponding upper bounds are obtained, which are expected to provide certain checks
and standards for approximate methods. In some special cases, these bounds rule out the
possibility of corresponding magnetic and pairing LRO.

For the Hubbard models, we obtained an upper bound for the spin—spin correlation
function, which indicates that the decay of the correlation function with temperature cannot
be slower than the inverse square law at low temperatures and the inverse law at high
temperatures. From these bounds we observe that there is no magnetic LRO in the atomic
limit and in the case with the momentum distribution function being constant for the model
with only nearest-neighbour hopping. An upper bound for the on-site pairing correlation
function was obtained, which suggests that the decay of the on-site pairing ODLRO with
temperature is not slower than the inverse law. Since our method is rigorous, the present
result may be applied for clarifying some contradictions in approximate calculations. In
addition, we found that there is no on-site pairing correlation in the atomic limit and in the
cases of either (i) > 0 and(ng) > p orr < 0 and(ng) < p (see (2.20)) or (ii)n,) being
constants for the single-band model but with local Coulomb interaction. It is emphasized
that all of the bounds obtained are independent of the local on-site Coulomb interaction and
are valid for arbitrary dimensions.

For ther—J model, we obtained an upper bound for the average energy (internal energy)
for arbitrary electron fillings. Whatever the ground state of the system is, unique or not, the
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upper bound fofr — 0 can be regarded as that of the ground-state energy. Since the bound
is rigorous, it provides a standard for approximate and numerical methods. We also obtained
a lower bound for the Bel order, which may shed useful light on the antiferromagnetic order
of the system. An upper bound for the spin—spin correlation function was derived, which
implies that the decay of this function with temperature in the model is not slower than
the gY/2-law away from half-filing and the inverse law at half-filling. An upper bound for
the nearest-neighbour pairing correlation was obtained for the translation-invariant system,
which suggests that the decay of ODLRO with temperature cannot be slower than the inverse
law. The results hold for arbitrary dimensions.

For the Hubbard model with bond—charge interaction, we obtained two bounds for the
spin—spin correlation function and the on-site pairing correlation function, which impose
severe restrictions on the values of the bond—charge interaction.
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